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There are a lot of things wrong with this world...
but too much intelligence is not one of them.

- Richard Sutton



What is Reasoning?

- The ability to solve a problem or navigate through a scenario by piecing together prior knowledge
and facts

TEST



Why we need Reasoning?
- Consider how a human solves a complex task such as multi-step math problem: by reasoning through
a series of intermediate steps before arriving at the final answer. |1] showed that eliciting such
intermediate reasoning steps in LMs can greatly improve performance on a range of complex reasoning
tasks.

Standard Prompting
Model Input

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?
A: The answer is 11.
Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples
do they have?

Model Output
A: The answer is 27. X

Chain-of-Thought Prompting
Model Input

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?

A: Roger started with 5 balls. 2 cans of 3 tennis ballseach is 6 tennis balls. 5 + 6 = 11. The answer is 11.
Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples
do they have?

Model Output
A: The cafeteria had 23 apples originally. They used20 to make lunch. So they had 23 - 20 = 3. Theybought 6 more apples, so they have 3 + 6 = 9. Theanswer is 9. v

Chain of Thought example - [1]

[1] Wei et al. - Chain-of-Thought Prompting Elicits Reasoning in Large Language
Models. In Neural Information Processing Systems, 2022.



- Models can fail when familiar surface patterns are preserved but the underlying problem-solving
requirements change.

MATH-P-Simple
What is the range of the function

y =?2+يتك 

Solution
We can factor the numerator to
get y = (z+2s+h.
The function is equivalent to x + 1
when x y -2. However, because
2 cannot equal - 2, y cannot
equal - 1. Therefore, the range is
(-00,-1) U(-1,00)-

Answer
(-00,-1)U(-1,00)

Simple
Perturbation

Minimal Edits

Original Problem
What is the range of the function
y =  2+3+22ت ?

Hard
Perturbation

Minimal Edits

MATH-P-Hard
What is the range of the function
y = 22+32+2?

Same Problem-
solving Method▶

Original Solution
We can factor the numerator to
get y = ( + 2 ) ( ｴ ⼗ ﾘ ) ､
The function is equivalent to x + 2
when x y -1. However, because
x cannot equal - 1, y cannot
equal 1. Therefore, the range is

Different
Problem-solving

Methods

Solution
The function simplifies to
y = 3 + 8 + 三
By Cauchy-Schwarz Inequality,
2 + 1 1 2 / 2 , ( r > 0 ) .
ｴ + ﾐ M - 2 / 2 , ( 1 < 〇 ) ) .
Therefore, the range is
( - 8 , 3 - 2 V 2 ) U ( 3 + 2 V 2 , 8 )

Changed Answers Original Answer

(-00,1) U(1,00)

Changed AnswersAnswer
( - 8 , 3 - 2 V 2 ] U ( 3 + 2 / 2 , 8 )

Simple Perturbation Strategies
• Numerical modifications;

Asking for a different but related quantity;
• Adding/removing non-essential constraints;

Hard Perturbation Strategies
• Increasing the complexity of the mathematical objects;

Altering key numbers to large values (disabling brute-force solution);
Relaxing constraints to cover more general cases;
Modifying essential conditions (removing simplifying properties);

Illustration of the annotation process for MATH-P-Simple and MATH-P-Hard - [2]

[2] Huang et al. - Math-perturb: Benchmarking Ilms' math reasoning abilities
against hard perturbations, 2025



Model Mode Original MATH-P-Easy MATH-P-Hard
All Train Test All Train Test A All AlI Train Test A All

Gemini-2.0-flash-thinking-exp Reasoning 9 2 . 4 7 9 2 . 6 5   9 2 . 1 7 9 1 . 0 4 8 1 8 0 9 5 . 6 5   1 . 4 3 7 8 . 1 4 7 . 4   7 9 . 1 3   1 4 . 3 3
ol-preview Reasoning 87.81 8 5 4 1   8 6 . 9 6 8 7 8 1 8 7 . 8 0   8 7 8 3 0 . 0 0 72.40 7 3 . 7 8   7 0 . 4 3   1 5 . 4 1
ol-mini Reasoning 9 1 . 2 7 9 3 . 9 0   9 1 . 7 8 91.98 93.29 9 7 . 3 9 - 0 . 7 1 7 8 . 4 9 7 9 . 2 7   7 7 . 3 9   1 5 . 7 8

Gemini-2.0-flash-exp Non-Reasoning 8 8 . 1 7 8 7 . 2 0   8 9 . 5 7 8 2 . 8 0 8 1 . 7 1   8 1 3 5   5 . 3 7 6 7 . 0 3   6 8 . 2 9   6 5 . 2 2   2 1 . 1 4
Gemini-1.5-pro Non-Reasoning 7 7 . 7 8 7 7 . 4 4   7 8 . 2 6 7 7 . 4 2 7 6 . 8 3   7 8 . 2 6   0 . 3 6 5 6 . 0 3   5 6 . 1 0   5 7 . 2 9   2 1 . 1 5
GPT-lo Non-Reasoning 6 7 . 0 3 6 8 . 9 0   6 1 . 3 5 6 2 . 0 1 6 0 . 9 5   6 3 . 4 5   5 . 0 2 3 9 . 4 3 3 7 . 8 0   4 1 . 7 4   2 7 . 6 0
GPT-4-turbo Non-Reasoning 5 6 . 9 9   5 5 . 4 9   5 9 . 1 3 5 5 . 2 0 5 6 . 7 1 5 3 . 0 1   1 . 7 9 3 1 . 4 1 3 6 . 5 9   3 1 . 3 0   2 2 . 5 8
Claude-3.5-Sonnet Non-Reasoning 61.52 62.80 66.96 5 8 . 4 2 5 7 . 3 2   6 0 . 0 0   6 . 1 0 3 8 . 7 1 3 8 . 4 1   3 9 . 1 3   2 5 . 8 1
Claude-3-Opus Non-Reasoning 41.91 39.02 46.09 41.91 3 9 . 6 3   4 5 . 2 2   0 . 0 0 2 6 . 5 2 2 5 . 0 0   2 8 . 7 0   1 5 . 1 2

Zero-shot CoT performance of LLMs across three sets: All, train & test - 12]

[2] Huang et al. - Math-perturb: Benchmarking Ilms' math reasoning abilities
against hard perturbations, 2025



Methods for Eliciting &

Training Reasoning in LLMs

1. Chain of Thought (CoT) - 1]

- A series of intermediate reasoning steps (CoT) significantly improves the ability of large language
models to perform complex reasoning.

- Works on LLMS since they are capable of in-context few-shot learning via prompting.

[1] Wei et al. - Chain-of-Thought Prompting Elicits Reasoning in Large Language
Models. In Neural Information Processing Systems, 2022.



1. Chain-of-Thought (CoT) - |1|

LaMDA

Standard prompting
• Chain-of-thought prompting

- Prior supervised best

GPT PaLM

Chain-of-Thought prompting
enables LLMs to solve challenging
math problems. It can also be

observed that chain-of-thought
reasoning is an emergent ability of
increasing model size - [1]GSM8
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[1] Wei et al. - Chain-of-Thought Prompting Elicits Reasoning in Large Language
Models. In Neural Information Processing Systems, 2022.



2. Supervised FineTuning (SFT) on Reasoning Traces

- Instead of elicting reasoning via prompting we train a model via SFT.

- [3] proposed a method in which we generate
multiple reasoning traces and fine-tune the model on
reasoning-traces that have correct answer.

Since this loop eventually fails to solve any new
problems in the training set because it receives no
direct training signal for the questions it couldn't
solve (wrong answer), they propose rationalization.
This makes it a Self-Taught Reasoner (STaR)

Question, Rationale, Answer

_ Finetune

Correct
Answer

Rationale
Generation

Question
Language

Model

Rationalize

Rationale, Answer

Wrong
Answer

Rationale, Answer

Overview of STaR and STaR-generated rationale - 13J

[3] Zelikman, E., Wu, Y., Mu, J., & Goodman, N. D. (2022). STaR: Bootstrapping
Reasoning With Reasoning. ArXiv, abs/2203.14465.



2. Supervised FineTuning (SFT) on Reasoning Traces

GSM8K Test Accuracy (%) Train Data Used (%)Few-shot Direct GPT-J
3.0 ~0

Few-shot CoT GPT-J 3.1 ~0

GPT-J Direct Finetuned 5.8 100
STaR without rationalization 10.1 25.0
STaR with rationalization 10.7 28.7

Performance of STaR vs other SOTA methods - [3]

[3] Zelikman, E., Wu, Y., Mu, J., & Goodman, N. D. (2022). STaR: Bootstrapping
Reasoning With Reasoning. ArXiv, abs/2203.14465.



3. Reinforcement Learning (RL)
- Law of Effect: The greater the satisfaction or discomfort, the greater the strengthening or weakening
of the bond. - 4

- Reinforcement learning is learning what to do-how to map situations to actions so as to maximize
a numerical reward signal. - 5]

- How is it different from Supervised and Unsupervised learning?

- Explore & Exploit

[4] Edward L. Thorndike - Animal Intelligence: Experimental Studies, 1911
[5] Richard S. Sutton and Andrew G. Barto. - Reinforcement Learning: An Introduction. 2018



Elements of RL:

Element General Meeting For LMs

Agent
Learner/decision-maker that interacts with an

environment to maximize expected cumulative reward.

The LM with parameters O
that generates tokens according

to policy Te

Environment External system the agent interacts with.
Everything outside the agent
that responds to its action.

State
St

Representation of the current situation the agent observes
Current prompt + tokens

generated so far

Action
at

A choice made by the agent in a state (acc. to its policy) Generating the next token

General Meaning



Elements of RL:

Element General Meeting For LMs

Policy
To(a|s)

Specifies how agent chooses an action given a state
LM's next-token probability

distribution - Pe

Reward
Tt/R

Scalar feedback showing how desirable/good or
undesirable/bad the action is.

R(x,y)
scalar feedback assigned to the
generated response/ trajectory.

Trajectory
T

Sequence of states, actions & rewards in one interaction

T = {So, ao, To, S1, a1, 71, ..., ST}

Generation Prompt +
Response + Rewards

General Meaning



RL Objective:

- Goal of RL while training LMs: ⼊
 * = arg max J (п)

Expected return
generated using T

- Standard SGD:

- Vanilla Gradient Ascent:

- Average Reward over all Trajectories, that the policy might generate:
































































